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Abstract
In this contribution we focus on a novel way to perform and evaluate
magnetization experiments on frozen ferrofluids or magnetic nanoparticles fixed
in space. The basic idea is to project the behaviour of a real particle system
onto a Stoner–Wohlfarth (SW) particle ensemble behaviour. Therefore first
an ideal SW particle system acting as a reference system with unique particle
sizes and orientation of easy axis was studied numerically by introducing a
particle–particle interaction via a demagnetizing field. We have shown that
for non-interacting SW particles a universal mean value rule holds that the
magnetization measured after ZFC (zero field cooling) can be expressed as a
mean value of the magnetization measured after PHFC and NHFC (positive and
negative high field cooling) processes. Any deviation from this mean value
rule is therefore due to non-SW behaviour (multidirectional anisotropy and
interaction) only and can be derived from the magnetization measurements and
be compared with simulations.

By this new method it is possible to determine the mean value of the
particle’s anisotropy and the mean interaction which is expressed here as a
magnetic field.

We will report on experiments performed on frozen ferrofluids because
these systems offer the possibility of complete thermal demagnetization after
melting. In this contribution we describe experiments performed on two
different frozen Co-based ferrofluids by SQUID magnetometry.

1. Introduction

Nanomagnetism is part of nanophysics, which is a real and exciting field of applied and basic
research nowadays. In the last decades great progress has been achieved in understanding the
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physical properties of magnetic nanoparticle systems. The problem is quite complex because
each individual particle exhibits a magnetic moment and an anisotropy energy characterized by
one or more easy axes. In a real particle system the particle–particle interaction is an additional
parameter which depends on the vicinal spatial arrangement of the particles in the system. The
problem to describe the properties of a particle system becomes more complex because in a
real system there is unavoidably a particle size distribution, a distribution of particle distances
and a distribution of the particle easy axes orientation. Considering a system of typical 106 to
109 single domain nanoparticles, any information about interaction and anisotropy must have
the character of a mean value being characteristic for the whole ensemble.

In this introduction the progress achieved until now will be briefly presented by citing
some typical papers as examples: the first attempt to consider the magnetism of a nanoparticle
system in terms of the well known superparamagnetism normally described by the Langevin
function fails. The particle’s intrinsic anisotropy ‘destroys’ this well known magnetic behaviour
as experimentally demonstrated by Williams et al [1]. Recently Wickhorst et al [2] discussed
this problem using the term ‘anisotropic superparamagnetism’.

The influence of particle–particle interactions was evidenced many years ago by
experiments of Weili et al [3] and still is a challenge in its theoretical description [4, 5].
Monte Carlo computer simulation reveals deeper insight in the connection of the local physical
processes experienced by each particle and as a consequence the resulting behaviour of the
whole system, as recently presented by Chantrell et al [6] who calculated the susceptibility of
nanoparticle systems. The particle–particle interaction has been attacked and described many
times [4, 5].

Dormann et al [7] discussed models for interparticle interactions. Very early, Dormann
et al [8] considered superparamagnetism versus spin-glass laws. A very interesting detail is
the investigation of spin-glass properties in such nanoparticle systems because when assuming
dipole–dipole interaction both conditions for spin-glass behaviour are present: competing
interactions and site disorder [9]. The dipole–dipole interaction is treated in recent papers
by Hansen et al [10] and El-Hilo et al [4]

In real nanoparticle systems the particle’s surface also plays an important role, as reported
by Tronc et al [11]. These effects also influence the superparamagnetic relaxation, discussed
by Mørup et al [12]. In this contribution the blocking temperature is calculated in the presence
of weak interactions. A review of models describing the dynamics of interacting particles was
presented by Hansen and Mørup [13].

Mössbauer spectrometry is a microscopic tool with a limited timescale. Mørup [14]
was the first who paid attention to this fact and calculated the expected average value of
the magnetic hyperfine field observed in such spectra. Due to collective magnetic excitation
causing fluctuations of the hyperfine field that are fast in comparison to the Mössbauer time
scale, the observed splitting is smaller than it would be in the absence of fluctuations. Recently
an alternative approach for the interpretation of the observed spectra and line shapes was
proposed [15, 16].

The physical basis of nanomagnetism was given many years before the world-wide
activities started. Two publications should be mentioned here. First Stoner and Wohlfarth [17]
presented a basic contribution explaining the observed high coercivity values in some
ferromagnetic alloys by properties of embedded single domain particles. At nearly the
same time Néel [18] contributed fundamental ideas to explain the magnetic properties of
small particles with the advantage of considering thermal activated magnetization fluctuations
over particle inherent anisotropy energy barriers. In the more then 50 intermediate years
since the appearance of both these fundamental papers a lot of effort and success in the
understanding of magnetic properties of single domain particle systems has been achieved.
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We are interested in the investigation of the magnetic properties of nanoparticle systems from
the basic physical point of view. Instead of the very popular consideration of the magnetization
versus applied external magnetic field (hysteresis measurements) we prefer the consideration of
the magnetization versus temperature, applying a constant magnetic field. As has been recently
reported [20], by considering magnetization measurements after well defined processes of
reaching the low-temperature magnetic state it is possible to apply new strategies in performing
magnetization experiments when measuring the magnetization versus temperature. Using these
strategies we discovered that the SW model bears a generally valid mean value rule which
allows one to define a deviation resulting from the difference in the behaviour of a real particle
system in comparison with the ideal SW particle system.

The aim of this contribution is to derive information about the particle–particle interactions
and anisotropy in nanosized magnetic single domain particle systems in which the particles
are fixed in space. The work presented here is based on experiments performed on frozen
ferrofluids and on very basic calculations using the ideal picture of SW particles together with
thermally activated changes in the particle system magnetization.

2. Basic considerations

All considerations are based on the Stoner–Wohlfarth [17] model for single domain magnetic
particles. This model bears the particles’ anisotropy energy as an intrinsic property. It is rather
easy to extend this model following the ideas of Néel [18] by introducing thermally driven
magnetization fluctuations in the particles because the SW model represents a two-level system.
The energy density E for one particle fixed in space with given orientation of the easy axis
reads

E(φ, θ, Bext, K , M0) = −M0 · Bext cos φ − K · cos2(φ − θ). (1)

The equilibrium position of the particle’s magnetization vector is described by the angle
φ. It depends on four additional parameters: the angle θ between the easy axis and the
external magnetic field Bext, the anisotropy constant K , and the saturation magnetization
M0 of the material from which K and M0 represent intrinsic properties of the particles in
question.

It should be mentioned that the SW model neglects the fact that each magnetic moment
(also the very big ones of magnetic nanoparticles) is inevitably connected with a torque.
Therefore each change of the magnetic moment spatial position is to be assumed as infinitely
fast. In reality this ‘switching behaviour’ must be considered as a dynamic process, for
example by solving the Landau–Lifshitz–Gilbert equation [22]. The magnetization reversal by
uniform rotation was treated by Wernsdorfer et al [23]. The magnetization switching for small
ferromagnetic particles in a Heisenberg model was presented by Hinzke and Nowak [24].

In ‘static’ considerations, normally a characteristic switching field BSwitch is considered,
which is defined as the field strength to which only one minimum of the energy density
corresponds.

dE

dφ
= 0 and

d2 E

dφ2
= 0. (2)

Bswitch = 2K

M0

(
cos2/3 θ + sin2/3 θ

)−3/2
. (3)

This kind of calculation was performed by [25–27] using these relations. Deviations from
the SW relation can be seen in the so-called Henkel plot, which neglects any thermal activation.
The so-calculated switching field is independent of the particle size (volume), and this fact
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Figure 1. Left: equilibrium magnetization for one SW particle fixed in space. An external magnetic
field B is applied along the x-axis. The easy axis (EA) is indicated. All angles are defined in the
figure. Right: the energy density E plotted versus the angle for the above introduced SW particle in
an external magnetic field not exceeding the switching field strength.

contradicts the experiment. To describe real experimental results the change from one particle
to a particle system must be done first. An extension of the SW model (like the classical work
of Néel) must be considered which bears in mind that the SW model is a two-level system.
Allowing thermally induced jumps of the particle’s magnetization from one energy minimum
(=level) to the other (see figure 1), a basic relaxation equation for the particle ensemble’s
magnetization M(t) can be found.

dM(t)

dt
= β(Bext, T, ν0) · (Mequi − M(t)

)
. (4)

Here Mequi means the normalized equilibrium magnetization of the particle system. When the
system consists of N particles per volume unit and each particle exhibits a magnetic moment of
µ = M0 · V , the system magnetization is normalized to N · µ. The relaxation rate is expressed
by β(Bext, T, ν0) and consists of four terms:

β(B, T, ν0) = ν0

(
p(1)

13 + p(2)

13 + p(1)

31 + p(2)

31

)
.

These describe the probability for ‘jumps’ of the magnetization vector from the minimum
energy E2 to the energy levels E1, and E3 and also from the minimum energy E4 to the energy
levels E1, and E3 in agreement with figure 1. Two of these terms are given as examples.

p(1)

13 = exp

(
E2 − E1

kB T

)

p(2)
13 = exp

(
E4 − E1

kB T

)
.

ν0 is the so-called anlauf frequency, being a characteristic constant for the nanoparticles in
question (typical order 109 to 1011 s−1). It is a very important fact that the relaxation rate (or
time) in the interaction-free SW model only depends on temperature T and the external field
Bext, and is independent of the initial state of the magnetization [21].

3. Interacting Stoner–Wohlfarth particles

In a recent paper, Michele et al [20] summarized many experimental ways to prepare well
defined low-temperature magnetic states of a nanoparticle system. From that, three processes
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Figure 2. Result of calculation for the magnetization after PHFC, ZFC and NHFC in the case of
non-interacting particles (λ = 0) and interacting particles (λ = −0.04).

are important for this contribution: zero field cooling (ZFC), positive high field cooling
(PHFC) and negative high field cooling (NHFC). High field means that the field strength
exceeds the switching field for all particles in the system. From such well defined low-
temperature magnetization states the magnetization measurement starts applying an external
(weak) magnetic field and increasing the temperature by a constant heating rate.

The starting conditions for solving the relaxation equation (4) after the three different
cooling procedures ZFC, PHFC and NHFC are

MPHFC//FW(0) = 1; MNHFC//FW(0) = −1; MZFC//FW(0) = 0. (5)

Using these starting conditions, the relaxation equation can be solved. This has been done
numerically for a system of non-interacting identical particles being fixed in space first. The
angle θ = π

4 with respect to the applied external magnetic field was chosen. The saturation
magnetization M0 = 1.4 × 106 A m−1 and the anisotropy energy density K = 4.0 × 105 J m−3

were assumed for the numerical calculations. The results are presented in figure 2.
The easiest way to introduce interaction is to use the molecular field ansatz. In the

following the external magnetic field Bext in the interaction-free SW model (see above) is
replaced by Bint:

Bint(t) = Bext + λ · M(t) (6)

where λ represents a phenomenological interaction parameter like the demagnetizing field for
ferromagnetic samples with finite size and defined shape.

The introduction of the interaction changes the relaxation rate. The course of the three
magnetizations when starting from the low-temperature magnetic state after PHFC, ZFC and
NHFC are different from the corresponding curves without interaction. An example of such
calculation results is also shown in figure 2.

Now a very important feature of the SW model is introduced. For a non-interacting SW
particle system the mean value relation

MZFC//FW(T ) = 1
2

(
MPHFC//FW(T ) + MNHFC//FW(T )

)
(7)

always holds, as shown by Michele et al [20, 21]. This fact is used here to define first a
normalized temperature dependent difference �̃(T ), which is non-zero when interaction is
present.

�̃(T ) = MZFC//FW(T ) − Mcalc.(T )

MZFC//FW(T )
. (8)
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Mcalc is the mean of the upper PHFC and lower NHFC magnetization curves. In the second
step we introduced a temperature-independent integral difference

� =
∫ Tmax

0

MZFC//FW(T ) − Mcalc.(T )

MZFC//FW(T )
dT . (9)

Tmax must be chosen at least as equal to the temperature where the three magnetization curves
starting after PHFC, NHFC and ZFC become indistinguishable. In the ideal SW model this is
the case when the temperature is high enough to overcome the magnetization blocking in the
particles. To distinguish the results for �̃(T ) and � obtained from experiments we named them
concisely as �̃(T ) = deviation and � = integral deviation.

4. Simulations

With the above-defined normalized temperature-dependent difference �̃(T ) (deviation) and the
normalized integral difference � (integral deviation) systematic numerical studies have been
performed considering different external magnetic fields, different particle sizes (magnetic
moments), different anisotropy energy densities, different interaction parameter values and
different orientations of easy axis expressed by �.

Investigating the influence of the particle size numerically, a very interesting exponential
law with an introduced phenomenological parameter Bdecay describing the dependence of the
integral deviation from the external magnetic field was found:

�(B) = �(B = 0) · exp

(
− Bext

Bdecay

)
. (10)

The surprizing result is that the parameter Bdecay is nearly independent of the particles’
sizes. Therefore the parameter Bdecay will also maintain its value in a real particle system where
a size distribution is present. In contrast, the �(B = 0) value was found to be proportional to
the particle volume.

Also, the influence of the anisotropy energy density represented by K was investigated
numerically in the same manner. Some results are presented in figure 5. The results imply that
Bdecay is proportional to K and �(B = 0) is nearly independent of K .

Next the influence of the interaction parameter λ was investigated. The result in figure 6
shows that there is a simple proportionality between �(B = 0) and λ for not too big interaction
parameter λ.

These above-mentioned facts allow the separation of the interaction energy from the
anisotropy energy density influences on the magnetization of nanosized particle systems. First,
a series of magnetization measurements after ZFC, PHFC and NHFC in weak external magnetic
fields has to be performed. From these measurements �̃(T, Bext) must be determined, and from
these values �(Bext) is obtained. Plotting �(Bext) in a logarithmic scale, both parameters
�(B = 0) and Bdecay are obtained. To calculate the K - and λ-values it is necessary to
know the particle size distribution or at least the mean particle size. For ferrofluids these
values are easily obtained by transmission electron microscopy (TEM) or room-temperature
magnetization measurements. Next, it is necessary to choose an SW particle system as a
reference. If we choose the SW system with data presented in figures 3–6, it is possible to
assign the real particle system to the chosen SW system with interaction and so to determine
the parameters K and λ.

5. Experimental details

We present examples of experiments (magnetization measurements) and their evaluations
performed on two different cobalt ferrofluids. These ferrofluids are characterized by a log-
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normal particle radius distribution with the mean radius r and a standard deviation σ , the mean
particle magnetic moment µ and the mean particle distance d . These data were gained from
magnetization measurements at 300 K and a fit by a set of Langevin functions as described
in detail in [19, 20]. Additional TEM was performed on dried samples. The solvent of the
ferrofluids S was different, and its mean melting temperature (which in fact is a temperature
range) is abbreviated by Tm. The properties of the Berlin Heart sample are r = 3.7 nm,
σ = 0.6 nm, S = petroleum, Tm = 150 K. µ = 12 400 µBohr, d = 29 nm. The properties of
the University of Bielefeld sample are r = 1.63 nm, σ = 0.46 nm, S = orthodichlorbenzol,
Tm = 260 K. µ = 2630 µBohr, d = 40 nm. So the second sample consists of much smaller
particles than the first one.

As described in detail in [20] and also shown in figure 2, for each sample the well defined
low-temperature magnetic states after PHFC, NHFC (the high field strength was 2 T) and
ZFC were prepared before starting the magnetization measurements during warming up the
sample in the weak external magnetic field. In performing these magnetization measurements
we applied a heating rate of 3 K min−1. The temperature Tmax in all our measurements is
well below the melting temperature of the solvent. Therefore we exclude particle rotation
in the solvent as a process which also can contribute to the temperature dependence of the
magnetization.

In figure 7 examples of measurements on the Berlin Heart ferrofluid after ZFC, PHFC and
NHFC are shown. On the left-hand side a comparison of the mean magnetization after PHFC
and NHFC (named calc. ZFC) with the magnetization measured after ZFC is shown. From
these two curves the temperature-dependent deviation is calculated (right-hand part of figure 7),
leading to the deviations plotted in figure 8. For each external field the integral deviation can
be calculated. These values are plotted in a logarithmic scale in figure 9. An exponential law is
fitted to this points to obtain the values �(B = 0) and Bdecay. Comparing these values with the
simulations led for the first sample to values of K = 2 × 105 J m−3 for the anisotropy energy
density and λ = −0.0017.

In figure 9 the value of the integral deviation corresponding to the measurement at the
lowest external magnetic field value of 3 mT deviates from the straight line. Our measurement
technique applied needs first a high magnetic field (we applied 2 T) for the PHFC or NHFC
process. After that, the high field is switched to the low-field value. In the SQUID
magnetometer this causes some residual magnetic flux in the superconducting coils which
makes the low-field value unreliable. Therefore in all forthcoming measurements the very
low magnetic fields are omitted and all measurements start with at least 10 mT.
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Figure 7. Examples of measurements after ZFC, PHFC and NHFC on the frozen Berlin Heart Co-
ferrofluid (left-hand side). On the right-hand side the calculated mean value of the magnetization
after PHFC and NHFC (solid line) and the magnetization after ZFC (crosses) is shown.

For the second sample (University of Bielefeld) the same way of evaluation led to
K = 1 × 105 J m−3 and λ = 0.03 (figures 10–12). In this case the λ-value is positive,
representing an interaction field enhancing the magnetization between the particles. It must be
mentioned that the simulations were made separately for the positive and negative values of λ.

The different signs of the λ-value give rise to the discussion of the interaction mechanism
in the samples. The particles have very different sizes and therefore magnetic moments. In
addition the concentration of the ferrofluids is different, and therefore the mean distances
between the particles differ in the two samples. The stray field of bigger particles is of course
much greater and therefore the interaction length not only ranges from particle to particle but
possibly over a distance of many particles. The experiment shows that this results in a negative
mean interaction field in the first sample (Berlin Heart). In the second sample (University of
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Bielefeld) the particle–particle interaction results in a positive mean interaction field. This
rather surprising result may be caused by very small particles not to be seen in the TEM
investigations. Their existence can be followed from the lack of saturation magnetization at
5 K until external fields of 5 T. Nevertheless the role of the particle surfaces (interfaces) can
also lead to such effects. This remains a question that is open for further investigations. Also,
we will not discuss here the possible collective behaviour of magnetic nanoparticles due to their
interaction. In a recent paper [20] we presented conditions and experimental evidence for such
effects and discussed for example the formation of dimers.

6. Summary and discussion

In this contribution, the Stoner–Wohlfarth model was the basis of our considerations and
measurement evaluation. We succeeded in the characterization of real magnetic nanoparticle
systems built by frozen ferrofluids and were able to characterize them by an interaction
and anisotropy energy in the sense of characteristic mean values. This was possible by
comparing magnetization measurement results after preparing well defined low-temperature
magnetic states (PHFC and NHFC) before starting the field warming measurements performed
in different weak external fields. For a non-interacting SW particle system the mean value
relation (7) always holds. The violation of this rule allows the definition and evaluation of
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Figure 10. Examples of measurements after ZFC, PHFC and NHFC on the frozen Co-ferrofluid
from the University of Bielefeld (left side). On the right-hand side the calculated mean value of
the magnetization after PHFC and NHFC (solid line) and the magnetization after ZFC (crosses) is
shown.

the deviation and the integral deviation for each applied external magnetic field. The decay
law (10) was found by numerical calculations for the deviation. This new result allows the
separation of influences of anisotropy and interaction. To obtain anisotropy and interaction
values characteristic for the real system under consideration it was necessary to define an SW
particle system to act as reference. For our evaluations we have chosen a completely textured
ideal SW system with identical particles being fixed in space with the angle θ = π

4 with respect
to the applied external magnetic field. The saturation magnetization M0 = 1.4×106 A m−1 and
the anisotropy energy density K = 4.0 × 105 J m−3 were assumed for the magnetic material
from which the particles were made.

Our research was directed towards basic physics using the idea of deviations from ideal SW
behaviour. Therefore we summarize briefly the history of the deviations since the publication
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Figure 11. The temperature-dependent deviation �̃(T ) derived from the measurements presented
in figure 10.
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of the first fundamental SW paper [17]. This paper reports the simple and very characteristic
property of SW particles in three-dimensional systems: the remanent magnetization is one half
of the saturation magnetization. Wohlfarth [28] showed that for non-interacting single domain
particles with uniaxial anisotropy, Mr (isothermal remanent magnetization) and Md (DC
demagnetized magnetization) are related for all applied external magnetic fields B according
to

md(B) = 1 − 2mr(B) (11)

with

md = Md

M0
; mr = Mr

M0
. (12)

Henkel [27] used this relation extensively and created the widely used Henkel plot. In
subsequent papers [29] the following relation was applied:

�m(B) = md(B) − [1 − 2mr(B)]. (13)

Mayo et al [30] introduced a so-called interaction-based deviation parameter, and Thamm
and Hesse [25] related this parameter to the mean value of the upper and lower branches of the
hysteresis loop and to the initial magnetization curve:

�m(B) = mInitial(B) − 1
2 [mUpper(B) + mLower(B)] (14)
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simplifying markedly the measurement time necessary for the Henkel plot. Also the proposed
Thamm–Hesse plot presents �m(B) versus B , which gives a better insight in the meaning of
the deviation when comparing with the Henkel plot, which hides the field dependence.

In a recent paper, Rellinghaus et al [31] reported magnetization measurements performed
on FePt nanoparticles. They extensively used the Henkel plot and called the deviation �m(B)

in formula (13) an ‘interaction-based deviation’. In most cases this deviation may indicate
interactions, but being very strict it must be mentioned that this deviation also is non-zero
when a magnetic nanoparticle system is absolutely interaction free but exhibits multiaxial
anisotropy [25]. Therefore it is still a challenge to separate the influences of anisotropy and
interactions. One proposal to do this is presented in this paper. On the other hand our
contribution shows the power of the highly idealized SW model and its contribution to the
basic physical understanding of the magnetic properties of nanoparticle systems.
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